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Locally Implicit Hybrid Algorithm for Steady
and Unsteady Viscous Flows

C. J. Hwang* and J. L. Liut
National Cheng Kung University, Taiwan 70101, Republic of China

A locally implicit hybrid finite volume algorithm on mixed type of triangular and quadrilateral meshes
for the two-dimensional steady and unsteady viscous flows has been developed. The unsteady, full Navier-
Stokes equations are solved in the Cartesian coordinate system. A new construction of a total-variation-
diminishing formulation on triangles is used to obtain high-resolution results in the convective-dominated
flow region. In the viscous-dominated part, a second- and fourth-order dissipative model on guadrilateral
grids is employed to minimize the numerical dissipation. To investigate the accuracy and characteristics
of the present total-variation-diminishing scheme, the noniinear Burgers’ equation and inviscid flows
passing through channels with sinusoidal bump in steady subsonic and unsteady transonic regimes are
solved. The evaluation of the locally implicit hybrid algorithm for steady viscous flow is performed by
studying the shock/boundary-layer interaction and transonic flows around a NACA 0012 airfoil and
turbine cascade. To confirm the reliability and accuracy of the present numerical algorithm using time-
accurate calculations, the viscous flow for an oscillating flat plate is investigated. Satisfactory agreement
between numerical results and exact solutions for the Stokes’ second problem is obtained.

Introduction

ECENTLY, considerable efforts have been expended in

developing reliable and efficient computational methods
on unstructured meshes. Many algorithms utilize explicit time
integration to steady-state solutions due to its simplicity and
ease to implement.”* In general, explicit methods are easy to
program and vectorize and require only limited computer
memory and no matrix inversions. However, the Courant-
Friedrichs-Lewy (CFL) number condition limits the time step,
especially for the solutions of the Navier-Stokes equations. On
the other hand, several implicit schemes have been pre-
sented.”>* These schemes are not bounded by stability limita-
tions, and the sparse matrix solver or point Gauss-Seidel ap-
proach with sweep pattern and renumbering techniques are used.
For several explicit and implicit schemes on unstructured tri-
angular meshes, the storage space, convergence rate, and CPU
times have been investigated and described by Whitaker et al.’
Besides explicit and fully implicit approaches, the semi-implicit®
and locally implicit schemes’ were developed on the structured
quadrilateral meshes. In the present work, the time integration
technique used in Ref. 7 is extended for solving the steady and
unsteady viscous flows on mixed unstructured triangular and
structured quadrilateral meshes. The renumbering of cells and
matrix system solvers are not used.

Jameson and Mavriplis'® developed an explicit finite vol-
ume algorithm for cell-centered and nodal schemes to solve
the Euler equations. These schemes contain second- and fourth-
order artificial dissipation terms on triangular meshes. In the
structured quadrilateral grid system, Yee”'® has modified and
generalized Harten’s second-order total-variation-diminishing
(TVD) scheme to explicit and implicit non-monotone up-
stream-centered schemes for conservation laws (MUSCL)-type
approaches for steady-state as well as unsteady flow calcula-
tions. To remove the local restrictions of the TVD schemes at
extreme points, Harten et al."! and Yang and Lombard" pre-
sented the essentially nonoscillatory (ENO) schemes that retain
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uniformly second-order accuracy throughout. The features of
the TVD and ENO schemes are studied by Chang and Liou."
On unstructured meshes, Hwang and Liu' have constructed a
symmetric TVD scheme on triangular cells. For the inviscid
airfoil and channel flows, the scheme yields good results. In
the present paper, the symmetric TVD scheme of Ref. 14 is
further improved for obtaining higher order accuracy near ex-
treme points. This scheme is successfully applied to solve the
nonlinear Burgers’ equation and steady subsonic and unsteady
transonic inviscid flows passing through channels with sinu-
soidal bump.

In the application of TVD-type schemes to viscous flows,
the question of whether the numerical dissipation terms (due
to the TVD-type terms) have an adverse effect on the true vis-
cosity terms in the boundary-layer regions is the topic of study.'
For supersonic separated flows, Chamberlain'® indicated that
the use of a switching procedure that recognizes viscous and
expansion regions and avoids excessive limiting (dissipation)
might be useful for retaining the desirable properties of limi-
ters without smearing out solution details in the regions of in-
terest. To accurately simulate the viscous flows, a hybrid finite
volume algorithm was developed in this work. In the convec-
tive-dominated part, an improved symmetric TVD scheme is
used to obtain high-resolution results. In the viscous-domi-
nated region, the second- and fourth-order dissipative model’
is implemented to minimize the numerical dissipation. The
evaluation of this hybrid finite volume algorithm on quadri-
lateral grids is performed by studying the shock /boundary-layer
interaction problem.

Currently, flows around airfoils and cascade blades are usu-
ally investigated by using the conventional flow solvers, which
are based on the structured quadrilateral meshes (C-mesh, O-
mesh, H-mesh, etc.). In practice, the implementation of flow
solvers on the structured grids is often highly constrained by
complex geometry. Thus, it is very difficult to construct a sin-
gle structured grid system for geometrically complex two- or
three-dimensional bodies. To overcome these problems, un-
structured meshes’? or zonal approaches with the composite
or overlaid grid systems (quadrilateral or triangular meshes)'®"’
have been developed. It is known that purely triangular meshes
are, however, very inefficient in boundary layers for viscous
flow where the flow gradients are strongly one dimensional.
A better approach is to create a set of computationally efficient
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high aspect ratio quadrilateral cells in the boundary layer around
the blade surfaces. Outside the structured mesh, an unstruc-
tured triangular mesh can be used. In this work, the C- or O-
type quadrilateral mesh is placed on the airfoil or the blade
surface to facilitate the one-dimensional stretched requirement
for the efficient resolution of the viscous effects. Unstructured
triangular meshes are constructed elsewhere. The Baldwin-Lo-
max turbulence model™® is implemented easily on the struc-
tured quadrilateral grids. To demonstrate the accuracy and re-
liability of the present locally implicit hybrid algorithm on mixed
triangular and quadrilateral meshes for the steady and unsteady
viscous flows, the transonic turbulent flows for a NACA 0012
airfoil and turbine cascade and laminar flows for an oscillating
flat plate, are investigated.

Governing Equations
The two-dimensional, unsteady Reynolds-averaged Navier-
Stokes equations in dimensionless conservation-law form can
be written in the Cartesian coordinate system
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In these equations, the subscripts [ and ¢ refer to laminar and
turbulent flows, respectively. The variables p, u, v, e, and a
represent the gas density, velocity components in the x and y
directions, total energy per unit volume, and the speed of sound,
respectively. The Reynolds number and Prandtl number are
denoted as Re and Pr. The pressure P is obtained by the equa-
tion of state for perfect gas. The parameters p and A are the
coefficients of viscosity, and A is taken to be —2/3u. The
molecular viscosity y; is determined by the Sutherland’s law.
The two-layer algebraic turbulence model of Baldwin and
Lomax'® is used to estimate the eddy viscosity u,, and the Rey-
nolds heat flux terms are approximated by using the constant
Prandtl number assumption.

Numerical Algorithm
Finite Volume Formulation on Triangular Meshes
The governing equations in Eq. (1) can be rewritten in the
vector form as

au
—+V-F-D)=0 2)
ot

where F and D represent the convective and viscous flux vec-
tors, respectively. By integrating Eq. (2) over space and using
the Gauss theorem, the integral form for a bounded domain
with a boundary 9Q is given as follows,

EJJ’UdA+f (F—-D)-di=0 3)
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where dI = n dl, and n is the unit normal vector in the outward
direction. The cell-centered finite volume formulation on a tri-
angular cell i shown in Fig. 1 is expressed as

0
— (U A);=-2) “@
at

where

3

3
Q) =D (F-dDy — >, (D-dDy
k=1 )

k=1
= Qi) + Qi)

Inviscid Flux Function Q{(U)

The numerical inviscid flux function Qi(U) of Eq. (4) at
each cell interface ik in the Cartesian coordinate system is ex-
pressed as™*
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where the matrix R, is the eigenvector of the Jacobian matrix
[(8F /aU) - dll,, and R;' is the inverse matrix of Ry. The ei-
genvector matrix Ry is evaluated by Roe’s average on the in-
terface between cell i and cell k. The matrix Aay has the ele-
ments of Ry (U, — U)), and Ay is a diagonal matrix in which
the diagonal terms are composed of eigenvalues of the Jaco-
bian matrix [(3F /oU) - dl],. The function W(A,) is an entropy
correction and has the following form:
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where

Fig. 1 Definitions of unstructured triangular mesh and auxiliary
cells for the cell-centered TVD scheme.
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€x = €[V -dl| + aldl] 1
I = diag[1, 1, 1, 1]

and the € is a small positive coefficient taken as 0.1.
The limiter function Ad; is given by

A@; = minmod(Aa,,Aak,Aay) @)

where Aaj; = Ri'(Ups — Uy), Aag = Rz Uy — Uy), and L is
the index of A, B, or C. For example, L = A for k = 1 is
shown in Fig. 1. The use of a limiter function is to interpolate
for higher order accuracy of the solution. In this paper, the
interpolation is constructed by choosing the properties at cell
centers (U; and U, ) and nodal points (U, and U,.). At the nodes,
the properties are obtained by the area-weighting rule. For ex-
ample, the quantity U« (see Fig. 1) can be written as

ve-(Su)/(50) o

The main advantage of the TVD schemes is to produce high-
resolution results around shock and contact discontinuities. It
is well known that one of the drawbacks of high-order TVD
schemes is that they reduce to first-order at points of ex-
trema.'’ To compensate for this local drawback, an improve-
ment for those extreme points is introduced in this paper. When
the value of Aa; in Eq. (7) is equal to zero, the expression of
the limiter function is replaced by a new alternative form given
as follows:

Ad; = oy sign(Acy) min(Aay,|Aaz].|Aaz]) 9)
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The subscripts k1, k2, and k3 represent the indices of three
triangular cells that surround the cell k (see Fig. 1). The
expressions of sign(Aa;) and H indicate the sign of the value
Aq; and the symbol of the unit step function, respectively. By
using Eq. (9), the oscillations near discontinuities (o = 0) are
suppressed and a higher order accuracy is obtained around the
extreme points. The function ; depends on the normalized
first-order gradient of conservation variables. Because the TVD
sufficient conditions are satisfied, the scheme with improved
form in Eq. (9) is still TVD for a one-dimensional model equa-
tion. Numerical experiments in this work have shown that the
improved TVD scheme is robust and increases the accuracy of
the numerical solutions.

Viscous Flux Function Q}(U)

To evaluate the numerical viscous flux vector D at the cell
interfaces, it is necesary to compute the shear stress and the
heat conduction terms. A new treatment for the viscous flux
on the unstructured triangular mesh is introduced. The first-
order derivatives of the velocity components and the sound
speed are calculated by constructing auxiliary cells and using
Green’s theorem for surface integration. For example, the dis-

cretized forms of u, and u, at interface i1 between cell i and
cell 1 (see Fig. 1) are )

d

W = s pZ u,Ay, (10)
d
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The summation over p refers to the four midpoints of the sides
for the auxiliary cell A*CAB. The properties at the points a,
b, ¢, and d are obtained by arithmetical average of properties
at each of the two neighboring cells. The viscous flux, which
includes streamwise- and crosswise-like gradients of shear stress
and heat conduction terms, is considered. Thus, the full Na-
vier-Stokes equations are solved on the unstructured triangular
mesh in the present work.

Hybrid Algorithm on Mixed Type of Triangular
and Quadrilateral Meshes

By solving the full Navier-Stokes equations, a hybrid finite
volume algorithm on a mixed type of quadrilateral and trian-
gular meshes is developed to accurately simulate viscous flow
phenomena. On the structured quadrilateral cells, the second-
and fourth-order dissipative model’ is applied to minimize the
numerical dissipation in the boundary layer and/or wake re-
gions. The numerical formulations presented by Swanson'® and
Reddy and Jacocks’ are introduced. In the convective-domi-
nated part of the flowfield, the improved symmetric TVD
scheme on the unstructured triangular elements is used to ob-
tain high-resolution results. Even though two different kinds
of numerical formulations are employed on the two major parts
(inviscid- and viscous-dominated regions), the viscous terms
are retained for the entire flowfield to avoid the problem re-
lated to distinction between viscous shear layer and inviscid
core flow. The algebraic turbulence model of Ref. 18 is im-
plemented on the quadrilateral grids only.

Time Integration
A two-parameter family of a time integration scheme for Eq.
(4) on each triangular cell i (see Fig. 1) can be written as
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where 0 = 0 = 1 and —1/; = B < 1/,. This kind of time in-
tegration approach consists of implicit (8 # 0) as well as ex-
plicit (8 = 0) schemes. In the present steady-state flow cal-
culations, the first-order accuracy in time is retained by choosing
60 = 1 and B = 0. For the unsteady computations, § = 1 and
B = Y, are used and the scheme becomes second-order ac-
curate in time. In the viscous terms, U""' is obtained by it-
eration for unsteady calculation; however, U n+1 s treated ex-
plicitly as U" for steady-state computation. By using the Taylor
series expansion for the temporal difference of inviscid flux
terms, Eq. (12) is linearized and can be constructed in the delta
form as follows,
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Equation (13) is solved by a modified Gauss-Seidel approach.
It is not required to renumber the triangular cells and assemble
any global matrices. The calculation for a symmetric cycle of
inner iterative corrections is performed by starting at the first
element and sweeping to the latest element (m = 1) followed
by an opposite sweep (m = 2). Thus, for each cell i, Eq. (13)
is written as

CdU; = Res? — L(AU) (14)

AU = AU™ + wy, AU, m=1,2 (15
The matrix C is approximated as a diagonal matrix, which is
derived from a modification to the coefficient matrix CI.

" {<Ait>,~[<l'0 T e /3) )]jl e

AU, shown on the right-hand side of Eq. (14), takes the latest
available values from Eq. (15). When the unsteady viscous
calculation is employed, the properties U™'" in term Rvis;
[Eq. (13)] is updated according to the following equation:

U =ur + AUut?, m=2 an
One symmetric cycle of inner iterations is employed in each
time step for steady-state flows, whereas several cycles are
performed until a convergence state of AU{™"" is reached for
unsteady flow calculations. At the end of a time step, the outer
relaxation is introduced,

UM = UT + wo, AU, (18)

The coefficients w;, and w,, in Eqgs. (15) and (18) are inner
and outer relaxation parameters, respectively, of the order 1.2
(over-relaxation), whereas w,,, is chosen as 1.0 for unsteady
flow computations.

Boundary Conditions and Mesh Generation

At the airfoil, blade, or wall surface, no-penetration and no-
slip conditions are imposed for the inviscid and viscous flows,
respectively, and the adiabatic wall condition is assumed. For
the subsonic and transonic flows passing through channels with
sinusoidal bump, one-dimensional characteristics are used to
treat inlet and outlet conditions. For the supersonic flow over
a flat plate, the freestream conditions are specified at inlet,
and zero-order space extrapolation is applied on the exit plane.
In the calculation of transonic airfoil flow, the upstream flow
angle is imposed, and the entropy, tangential velocity com-
ponent, and Riemann invariants are extrapolated from the
freestream or interior points. For the cascade flow, the total
pressure, total temperature, and flow angle are specified at the
inlet; the velocity magnitude is obtained from the values of
interior points. On the exit plane, the static pressure is pre-

scribed; the density and velocity components are extrapolated
from the adjacent interior cells. In addition, the periodicity
condition for cascade flow is easily satisfied by considering
points outside the calculation domain to have the same flow
properties as points one pitch distant within the domain and
then equating all flow properties at corresponding points on
the periodic boundaries. The viscous flow for the oscillating
plate is computed by imposing periodic conditions on the up-
stream and downstream boundaries. On the plate surface, the
velocity profile is specified, and the zero order extrapolation
is used on the top of the computational domain. In this work,
the flow solver is coupled with a mesh generation procedure
that is capable of creating structured quadrilateral and unstruc-
tured triangular cells. For the generation of a mixed type of
meshes, the quadrilateral grids are created first and then the
interface nodes are set as boundary points for the triangular
elements. The quadrilateral meshes for C- and O-type grids
are constructed by the use of Poisson’s equation,” and the tri-
angular meshes are generated based on the advancing front
concept.?!

Results and Discussion

The approach just described is applied to compute inviscid
and viscous flows through different regimes (subsonic, tran-
sonic, and supersonic flows). To investigate the characteristics
of the present solution algorithms (improved symmetric TVD

and hybrid schemes), the second- and fourth-order dissipative

7,22 9,14

models* and symmetric TVD formulations™™* are also in-
cluded in the cell-centered finite volume discretization on the
quadrilateral and/or triangular meshes. Comparing with the
related analytical and experimental data, the present locally
implicit hybrid algorithm is proved to be accurate and reliable
for studying the viscous steady and unsteady flows.

Improved Symmetric Total-Variation-Diminishing Scheme

One-Dimensional Burgers’ Equation

To understand the accuracy and features of the improved
symmetric TVD scheme, a numerical solution of the non-
linear Burgers’ equation with periodic boundary condition is
considered,

ou 10u’ .
—+-——=0, u(x, 0) = sinmwx (19)
ot 2 dx

where 0 < x = 2. The exact solutions and numerical results
of original and improved symmetric TVD schemes are plotted
in Fig. 2. When the time is equal to 0.2, the profile is still
smooth and the improved symmetric TVD scheme shows a
better result near the two points of extrema. When the time is
equal to 1.0, a shock is developed at x = 1.0 where a dis-
continuity velocity profile is distributed. As depicted in Fig.
2, the improved formulation demonstrates a significant in-
crease in the solution accuracy around the shock. The main
reason for the difference of numerical results is that the orig-
inal symmetric TVD scheme automatically reduces to first-or-

1.0
"""" exact solutions
+ symmetric TVD
0.6 o improved TVD
024 %
o]
-0.2 4
-0.6
-1.0

0.0 0.4 0.8

Fig. 2 Numerical results and exact solutions of Burgers’ equation.
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der accuracy whenever extreme points are encountered; how-
ever, the improved symmetric TVD scheme switches to an
alternative correction term to compensate for this disadvantage.

Steady Subsonic Channel Flow )

The order of accuracy of the present improved symmetric
TVD scheme in two-dimensional flow is verified by studying
subsonic flow (M. = 0.5) passing through a channel. The
channel consists of a length of 2.0, a width of 1.0, and a 10%-
thick bump on the upper surface. The chord length of the bump
is identical to the channel width, and the geomeétrical shape
has a sinusoidal form.” Because the flow is subsonic throughi-
out, no shock occurs and all losses for this computation are
purely numerical errors of the schemes. In this study, rms of
total pressure loss (1.0 — P,) over the domain is used as a
measure of these numerical losses. The mesh used here con-
sists of unstructured triangular elements with approximately
uniform grid space (AL). The results of the losses for varying
grid space for four kinds of schemes are indicated in Fig. 3.
The slope of each line is the scheme’s order of accuracy. For
the first-order TVD scheme, this value is 0.8. For the method
with second- and fourth-order dissipation, the value of the slope
is 1.8; it is around 1.71 for the original symmetric TVD scheme
and 1.72 for the improved symmetric TVD scheme. The three
schemes, therefore, are almost second-order accurate. From
the previous discussion, it is apparent that the central differ-
ence formulation plus artificial dissipation model gives a better
result than TVD schemes in the subsonic region, and the im-
proved symmetric TVD scheme indicates less numerical error
than the original TVD scheme.

Unsteady Transonic Channel Flow

To further understand the main difference between the orig-
inal and improved symmetric TVD schemss, one unsteady
transonic channel flow is studied. The geometry, flow con-
ditions, and oscillating type of back pressure are the same as
those of Bolcs et al.”> On the fixed and uniform grid system
with 2644 triangles, a CFL number of 5.0 is used. Choosing
the steady-state solution (exit pressure P, = 0.7369 and inlet
Mach number M., = 0.675) as the initial condition, the un-
steadiness is introduced by varying the exit back pressure ac-
cording to

P = P, + P, sin(w?) 0)

where P, is the pressure amplitude equal to 0.12. In Eq.
(20), @/2 is the nondimensional reduced frequency of the exit
pressure fluctuation equal to 0.396. As displayed in Fig. 4,
the upper and lower wall pressure distributions related to the
oscillating back pressure during the second cycle of motion (wt

-1.0
s 2nd & 4th order dissipation
+ symietri¢ TvD scheme
° improved TvD scheme
-15- «  1ist order Tvpscheme
La
= -2.0 - \
2
a,
|
=25
=
(&}
Q
= 3.0 1
-35 =ar—
—4.0 T T T
0.0 05 1.0 1.5 2.0

LOGy (1/AL)

Fig. 3 Order of accuracy of the effects of schemes and grids on
total pressure error for subsonic channel flow (M, = 0.5).

= 271 to wt = 41r) are selected for discussion. After finishing
the first cycle calculation at wt = (16/8)7r, the back pressure
values repeat and begin to increase. Besides the shock, which
already exists on the upper wall and becomes stronger, a
compression shock occurs at the lower wall [wt = (18/8)].
At wr = (20/8)mr, the exit pressure has reached a maximum
value, whereafter it starts to decrease. Because of the finite
rate propagation of the pressure disturbance signals, the flow
does not react instantaneously, and the shocks continue to move
in the left direction [wt = (22/8)w]. Except for the results at
ot = (22/8)mw, the improved and original symmetric TVD
schemes provide almost the same results. The shock at the
lower wall is pushed farther into the subsonic region of the
channel and becomes weaker because of the decrease in up-
stream flow velocity. At the same time, the upper wall shock
is moved upstream, although the steady-state exit pressure is
reached [wr = (24/8)7]. From the pressure distributions, the
shock locations predicted by the two schemes are significantly
different. At wt = (25/8)m, the flow is now subsonic through-
out the channel, and the unsteady wave is still being propa-
gated upstream. For this pressure train on the upper surface,
the numerical accuracy of the original TVD scheme is reduced
because several points of extrema are encountered. At wf =
(28/8)m, the exit pressure has reached its minimum level.
Whereafter, the pressure at the outlet begins to increase, and
the upper wall shock steepens gradually. The second cycle (27—
47) is finished when wr = (32/8)7 is reached. The pressure
distributions obtained by using these two TVD schemes co-
incide together at this moment. The same flow structure of
shock builds itself up as seen at wt = (16/8)7r, whereafter the
flow pattern will be repeated again. It is important to mention
that a similar discussion of the physical behavior is also men-
tioned by Bolcs et al.?

Locally Implicit Hybrid Algorithm for Shock/Boundary-Layer
Interaction Flow on Quadrilateral Mesh

The locally implicit hybrid algorithm for viscous flow is
evaluated by studying the classical shock /boundary-layer in-
teraction. The shock is sufficiently strong to cause flow sep-
aration in the boundary layer. The impinging shock is at an
angle of 32.6 deg with respect to the freestream. The Reynolds
number is 2.96 X 10°, and it is based on freestream conditions
and the length L from the leading edge of the plate to the shock
impingement point. The freestream Mach number is 2.0, and
it corresponds to the experiment of Hakkinen et al.* In this
flow calculation, four kinds of schemes are employed on a
quadrilateral mesh with 101 X 71 grid points. For the hybrid
algorithm, the improved symmetric TVD scheme is used in
the range 0.1 < y = 0.77 and the second- and fourth-order
dissipative model is applied in the region 0.0 =y = 0.1. The
present results are compared with the experimental data of
Hakkinen et al.** as well as the computational results of Buelow”
and Taylor et al.”® For the skin-friction coefficient displayed
in Fig. 5, the two TVD schemes give almost the same results,
and the hybrid algorithm demonstrates the best agreement with
the experimental data. The reason is that the TVD-type dis-
sipation, which is implemented in the inviscid-dominated re-
gion, gives a good prediction of the boundary-layer edge prop-
erties and the second- and fourth-order dissipation is suitable
for the subsonic boundary layer where the true viscosity effect
is important.

Locally Implicit Hybrid Algorithm for Steady Viscous Flows
on Mixed Type of Triangular and Quadrilateral Meshes

Transonic Airfoil Flow

To further demonstrate the capability of the locally implicit
hybrid algorithm on the mixed type of grid system, the con-
vective-dominated part is formulated by an improved sym-
metric TVD scheme on triangular meshes and the artificial dis-
sipation model is introduced in the viscous-dominated region
by using quadrilateral grids. In this computation, the turbu-
lence model is implemented on the structured quadrilateral cells.
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Fig. 4 Sequences of pressure distributions on upper and lower surfaces for transonic channel flow with time-varying back pressure.
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Fig. 5 Distributions of wall skin-friction coefficient for shock/
boundary-layer interaction flow.

For the transonic turbulent flow over a NACA 0012 airfoil,
the mesh is composed of C-type quadrilateral grids and un-
structured triangular elements, which are displayed in Fig. 6a.
The minimum cell distance between the first cell and the airfoil
surface is 1.06 X 107* chord. The far-field boundaries of the
computational domain are located at 10 chords, and 3122 tri-
angular elements and 189 X 15 quadrilateral grid points are
employed. In this airfoil flow (M, = 0.756, Re. = 4.01 X
10°) with zero angle of attack, the pressure distributions are
presented in Fig. 6b. The hybrid algorithm and methods with
the second- and fourth-order dissipative model exhibit similar
solutions, whereas the results of the original and improved
symmetric TVD schemes differ a little from the experimental
data” near the extreme pressure point. Around the trailing edge,
the two TVD schemes also yield inferior results.

Transonic Turbine Cascade Flow

The subsonic and transonic flows passing through an ad-
vanced turbine cascade have been extensively tested in four
European wind tunnels for different exit flow conditions.* The
flow with a Reynolds number of 8 X 10°, based on the true
chord length and the flow variables on the exit boundary, is
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Fig. 6a Grid distribution for turbulent flow over a NACA 0012 airfoil.
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Fig. 6b - Pressure distributions for turbulent flow over a NACA
0012 airfoil.

investigated. The inlet angle and exit Mach number are equal
to 30 deg and 0.966, respectively. In this paper, the calcula-
tion is carried out with the assumption of fully turbulent flow.
As shown in Fig. 7, the flexible grid system, which contains
the structured O-type quadrilateral grid around the blade and
unstructured triangular elements elsewhere, is constructed. The
minimum grid spacing between the first cell and the blade sur-
face is 1.33 X 107° chord length. By using the locally implicit
hybrid algorithm, the isentropic Mach number distribution and
density contours are plotted in Fig. 8. Comparing with the ex-
perimental data,” the isentropic Mach number distribution on
the blade surface is well predicted (see Fig. 8a). From the
density contours (see Fig. 8b), the weak and strong shocks are
formed on the suction side, and the wake is generated and
interacts with the strong shock that occurs on the suction sur-
face of the adjacent blade. Without using .any other extra nu-
merical treatment on the zonal boundaries, which is required
by the conventional zonal approaches, Fig. 8b demonstrates
that the smooth transition across the interface of triangular and
quadrilateral cells is achieved.

Locally Implicit Hybrid Algorithm for Unsteady Viscous Flow
on Mixed Type of Triangular and Quadrilateral Meshes

To evaluate the present locally implicit hybrid algorithm for
unsteady viscous flow, Stokes’ second problem29 is studied.
An infinitely long flat plate is surrounded by a stationary in-
compressible fluid and oscillates with the velocity u(f) = uo

( 3875 ELEMENTS & 155 * 21 GRID POINTS )

Fig. 7 Grid distribution for turbulent flow passing through the
transonic turbine cascade.

coswt, where u, and w are the maximum amplitude and fre-
quency of the oscillation, respectively. The exact solution, which
represents the strongly damped oscillation, is given as follows, .

u w w
- = - — + — — 21
Loon( [ er(wry[2) e

In this computation, the analytical solution given in Eq. (21)
is chosen as the initial condition on the quadrilateral grids near
the flat plate (see Fig. 9), and the uniform stagnation prop-
erties are specified on the unstructured triangular elements. The
Reynolds number and CFL number are equal to 1 X 10* and
3, respectively. As given in Fig. 10, the computed spatial dis-
tributions of x component of velocity at different time steps
compare well with the exact solutions.

Conclusions

A locally implicit hybrid finite volume algorithm on mixed
type of triangular and quadrilateral meshes for numerical in-
tegration of the unsteady, full Navier-Stokes equations has been
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Fig. 8 Turbulent flow passing through the transonic turbine cas-
cade: a) isentropic Mach number distributions; b) density contours.

developed in the Cartesian coordinate system. In this work,
the convective-dominated part in the flowfield is formulated
by an improved symmetric TVD scheme on triangles to obtain
high-resolution results, and the second- and fourth-order dis-
sipative model on quadrilateral grids is introduced in the vis-
cous-dominated region to minimize the numerical dissipation.
The accuracy of the improved symmetric TVD scheme, which
is designed to compensate for the disadvantage of the original
symmetric TVD scheme, is confirmed by the solutions of
Burgers’ equation and steady subsonic channel flow. For a
transonic channel flow with a time-varying back pressure, the
upper and lower wall pressure distributions are obtained as a
function of time. The results provide a reasonable prediction
of the flow phenomena and they also demonstrate the differ-
ences of the original and improved symmetric TVD schemes.
To evaluate the locally implicit hybrid algorithm for viscous
flow on quadrilateral grids, the classical problem of the shock/
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Fig. 10 X component velocity distributions for the viscous flow
on the oscillating flat plate during a) 277 to 37 and b) 37 to 4.

boundary-layer interaction is studied. Using mixed triangular
and quadrilateral meshes, the transonic turbulent flows around
a NACA 0012 airfoil and turbine cascade is studied. Com-
paring with the experimental data, the hybrid algorithm pro-
vides the most accurate results. For the time-accurate calcu-
lation, the reliability and accuracy of the present numerical
algorithm on mixed meshes are confirmed by investigating the
viscous flow over an oscillating flat plate (Stokes’ second
problem). It is concluded that the present locally implict hy-
brid algorithm, which is formulated on the flexible grid system
with unstructured triangular and structured quadrilateral meshes,
is accurate and robust.
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